


Properties   of   Numbers

Properties of Numbers (Number Theory) is one of the most hilarious
parts of higher math. It’s funny because it’s the foundation of all math
and basically we don’t know a damn thing about it.

If you took that logic one step further, you could conclude that we—as a
species-- don’t know a damn thing about math. That wouldn’t be too far
off—the farther you go in math or science, the more you realize how
little we really do know!

Time to knock some topics off their pedestals and get your hands dirty
from playing with them.

Now, of course, there are a great number of things that consistently
work, most of which we can tell from observation.

For example, If I have two donuts in my bag and I eat one, I have one
donut left in the bag. (And one in my tummy! Yum!)

It is these things that consistently work, of course, that we are
concerned with.

The main concept I’m trying to impress upon you is that even the
greatest mathematicians in the world know very little about WHY this
stuff is the case.

What we need to learn about is HOW to use these concepts properly.

Luckily, it’s not that hard to use, or we’d all be living in the Stone Age.

Put another way, these are definitions.   In order to speak the same
language throughout this book, you’re going to have to get on board
with these definitions so that I’m not talking about Hesperus while
you’re talking about Bosporus*.

i)   The   Number   Line

The first thing that we need to address is called the Number   Line . It
is—surprise!—a line. This line extends horizontally in space.



For our purposes, that line will be centered at zero.

The numbers to the RIGHT of zero will be called Positive  Numbers.

The numbers to the LEFT of zero will be called Negative  Numbers.



ii)   Integers

Integers   are   defined   as   whole   numbers—all  whole 
 numbers, positive,   negative,   and   zero.

You can remember that the “integ” root is the same as “integral” or
“whole.” The French, Dieu bénisse, do us one better and call them
nombres entiers (“whole numbers”).

Another way to look at it—bear in mind that negative definitions are less
ideal—is that Integers cannot be Fractions or Decimals, and vice-versa.

A   Note   on   Integers

If you encounter a problem that involves things like cats, dogs,
people, etc. then you’re talking about Integer values.

In other words, it’s really difficult to say you have 9/13 of a person, even
if that person is cut off at the knees.



iii)   Digits

Digits   defined   as   zero   through   9   (0,  1,   2,3,   4,   5,   6,   7,   8,   9),   or   the
characters   that   we   use   to   represent   numbers.

The digit just to the left of the decimal point is the Units or Ones digit
(depending on the exam), the next to the left is the Tens, the next to the
left is the Hundreds.

The digit just to the right of the decimal point is the Tenths digit. The
digit just to the right of that is the Hundredths. The digit just to the right
of that is the Thousandths, etc.

iv) Even   and   Odd   Numbers

Even   numbers   are   defined   as   every   number  that   is   divisible   by   two.

Another way to look at this is that every even number has a two in its
Prime Factorization. Don’t worry—I’ll deal with that in a moment.

Evens, then, would be … -4, -2, 0, 2, 4, 6, 8, 10, etc.

(Yes, Zero. Why? Because 0 . It does in fact divide by 2 evenly! 2
0 =

Definitions, kids!).

Odd   numbers   are   defined   as   every   number  that   is   not   divisible   by
two.

Another way to look at this is that every odd number has no twos



whatsoever in its Prime Factorization.

Odds, then, would be …-3, -1, 1, 3, 5, 7, etc.

Now, a lot of books out there will tell you to memorize a table of what is
even and what is odd when adding or subtracting (they often leave off
division, for reasons we’ll discuss).

Memorizing these tables is totally pointless, so I won’t even
bother giving you one.

If you need to determine whether adding two numbers or multiplying
two numbers gives you an even or an odd, just pick two simple
numbers to test.



So why would these tables leave off division? Well, look at this:

Oh, dear. Well, that’s no good. Division is inconsistent. By
“inconsistent,” I mean “weird.”

And by “weird” I mean “I could map out the possibilities for division but
I’m way too lazy to do that so just take my word for it.”

And… that would actually be the reason you won’t see this on the
Exam! Even-ness and Odd-ness of division is too inconsistent to make
a good question, so it always be “conveniently ignored.”

v)   Basic   Operations

One of the classic tricks that the Exam will use to play games with your
head is to phrase questions backward.

HUH

That means that questions will be asked about “sums” rather than to



say “add these two numbers” or “products” rather than to say “multiply
these two numbers,” etc.

The full table is here:

Even if you know what each of these words means, you need to have
absolutely no pauses—no grinding of gears—between reading
“product” and thinking “multiply.”

Any time wasted here is confusion and subsequent drain of mental
energy that is better used for, well, solving the damn problem.

v)   Factors   and   Multiples

Take a given number, say, 12.

Factors are all the numbers that will divide 12 evenly—that is, to give an
integer answer.

Another way to think about this is “same number and smaller.”

Let’s take another number, say, 3.

Multiples are all the numbers that, when divided by 3, give an
integer answer.



Another way to think about this is “same number and larger.”

vi)   Prime   Numbers

Ah, Prime Numbers. They will be your best friends.

Prime Numbers are the building blocks of all basic Number Theory.
These numbers are the atomic units of math—they are numbers that
cannot be divided any further.

Likewise, all Composite Numbers (non-Prime numbers) can, by
definition, be divided further.

What is the strict definition of a Prime Number?

Prime   Number: a number that can be divided by two and only
two distinct factors: 1 and itself.

At this point, tell me why 2 is prime and why 1 is not prime.

Think about it….

Think about it some more…

Think about the weird turn of phrase in the definition. What does that
mean?

I’ll see you on the next page—don’t turn the page until you have come
up with a reason!



Did   you   come   up   with   a   reason?

No?

Then   go   back   and   sit   in   the   corner  for   five   minutes.
Then   flip   to   the   next   page.



The   Explanation:

Here is why 1 is not prime: 1   has   only   one  distinct   factor.   Or, in other
words, its only factor is itself.

2, of course, is prime because it has two distinct factors: 1 and 2 (1 and
itself (2)).

Now, you may well remember that two is the only even prime. This is
true, because every other even number is also divisible by two.

That means that all of the other evens have two as a factor, and
therefore can’t be prime—they have too damn many factors!

vii)   Prime   Factorization

Let’s start with one of the most important presuppositions in the entire
exam: all integer numbers can be represented as a string of prime
numbers multiplied together.

WHUZZA?

Like this:

168 = 2 * 2 * 2 * 3 * 7 = 23 * 3 * 7

In fact, any number can be taken and turned into one of these
strings, which we call a Prime   Factorization.

Yes, even a Prime Number has a Prime Factorization; it is simply the
number itself.

How do we arrive at a Prime Factorization? While there are a number of
different, valid ways to calculate a Prime Factorization, I prefer the “Tree
Method.”



This method is, of course, clearly superior to all other methods. In fact, I
know it is because it is justified by the same sickeningly smug reason
that all of your previous math teachers preferred their own methods: it’s
what I was taught in high school. Deal with it.

The   Tree   Method

Basically, take the smallest Prime out of each larger number, putting
that on the top branch of the tree. On the bottom branch, put the
remaining number—remember, each set of two must multiply to be the
original number.

See?

Now please always take only   the   smallest   prime  out   at   the 

 top. Seriously.



The reason for this is here:

Notice the difference between your final factorization and the last one?
Your final is no longer in ascending order.

The only way you’re going to be able to get ahead on the Exam is to
make math totally automatic--like tying your shoes. If you really had to
exert effort to do something like that, you’d never even get out of bed!

(This may also be why I exclusively wear Havaianas from February to
November).

The point is, these operations need to become so ingrained that you
don’t waste thinking energy, decision energy, or really any sort of
energy on them. You want the basics streamlined.

I don’t care if 165 is obviously divisible by 5. It’s still divisible by 3, so
take the damn 3 out first.

Sorry if I was harsh--Pretty please, with a cherry on top, remove   the
smallest   prime   each   time.



viii)   Least   Common   Multiple

The Least Common Multiple (LCM) of a given group of numbers is the
smallest number that is divisible by all of those numbers.

(Aside: A simpler way to consider it would be “if these numbers were
the denominators of different fractions, what would the Lowest
Common Denominator be?”)

In other words, if I took the numbers 3 and 5, the LCM would be 3*5 =
15.

If I took 2, 3, and 5, the LCM would be 2*3*5 = 30.

All is well and good here—because the numbers are all prime numbers,
the LCM must simply be those numbers all multiplied together.

Things get a little bit weirder when we introduce numbers that are
Composite, or NOT PRIME.

Specifically, if there is any overlap in the Prime Factorization of any of
these numbers, this starts to cause problems.

For example, if we took the least common multiple of 2 and 10, it would
not be 2*10 = 20 but rather 10 itself, since 10 is a multiple of 2.

What happens is this:

Notice that the 2 is repeated in each number. Because it is repeated, we
can eliminate it. After all, multiplying them together to find the LCM, we
only need one 2 to count.



If we count two 2s, then we get a number that’s inflated.

Take, for example the LCM of, 3, 4, 9, and 16.

Here’s the procedure:

1) Take each number in the set and factorize it:

2) Look for the highest power of each base (the biggest
exponent). Keep only that—the others will be
redundant. Eliminate the others with prejudice.
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3) Multiply all the remaining numbers together. This is your answer!

And that’s all it takes, kids.

What you’re doing is finding the “umbrella term” or the largest power of
each base—in this case 9 = 3^2 and 16 = 2^4 and keeping that.

Any power of 3 or 2 with an equal or lower exponent will be totally
irrelevant.

(Remember the case of eliminating the 2 when we did the LCM of 2 and
10—the 2 is to the same power as the 2 in 10 = 2*5, but we only need
to say it once!)

ix)   Greatest   Common   Factor

In comparison to LCM, Greatest Common Factor (GCF) looks super
easy!

All you need to do is factorize two numbers—let’s say 48 and 56.

Then we simply pick the numbers that are common between them.



Multiply these numbers together. This overlap is our GCF. Done.

An interesting feature that you might recognize (or not--it’s OK!) is that if
you multiply the LCM of two numbers by their GCF, you get the product
of those two numbers!

Look at these examples:

In other words, when you find the LCM you’re streamlining the numbers
by stripping out the GCF. When you put the GCF back in the mix you
get back to the simple product of the two numbers.

x)   Divisibility   and   Remainders   (or…   the  Space   between
Numbers)

A funny thing to remember is that multiples always share the same
distance between them.

For example, look at multiples of 2 (or “evens”), which always have
a space of 2 between them.



Interestingly, if you take a multiple of 2 and add 2 to it, you’ll
get another multiple of 2.

…or multiples of 3, which always have a space of 3 between
them.

Perhaps unsurprisingly at this point, if you add 3 to a multiple of 3, the
resulting sum will also be a multiple of 3!

So what would happen if you were to divide, for example, 15 by 2? You
wouldn’t get something even.

In five-year-old terms, you’ll get something called a “remainder.” That
means that the 2 will fit into 15 seven whole times with a 1 left over.

We can write that like this:



Now—another way to look at this would be as a mixed number, or
“seven and a half,” written as:

And that you may recognize as simply 7.5.

Whoa. See what I did there?

OK—so we get this. “Seven and a half” (mixed number) is the same as
“seven point five.”

Now, going back to the original division, do you see where the 1 and 2
from the “half” came from?

Notice how the quotient (7) is the same, and that the remainder
over divisor (one-half) is the same as the decimal (zero point 5).

Crazy, right?

So that’s what your elementary school teacher never taught you: the
remainder divided by the divisor is equal to the decimal.



Tattoo   this   on   the   inside   of   your   eyelids. You   will be asked about it.

xi)   Consecutive   Numbers   and   Relative   Primes  (skip   this   if
you’re   not   aiming   for   700+)

But what about consecutive numbers—that is, the numbers that are
right next to each other? What space do they have between them?

Well, a space of 1, of course.

So what that means is that the only number you could conceivably
squeeze between them is, in fact, 1.

Another way to put it is that consecutive numbers are Relative Primes,
or that they share absolutely nothing (except 1) in their Prime
Factorizations.

The Exam will ask you this, assuming that you realize that numbers
separated by 1 will be relative primes.

So, for example, if we took the product of all the numbers from 1 to
100—that is,



(You didn’t think I was actually going to write that calculation
out, right?)—and then take the same number with 1 added to it.

That is, you could easily tell that these two numbers share no factors
except 1. So if you were asked for, say, the greatest prime factor of B,

it wouldn’t be easy—at least without a computer to do the
calculation--but you   could   tell   what   it   isn’t .

That is, you could determine the factors of A, which is pretty easy:

Then you would know that the Least Prime Factor of B would have to
be greater than 50—all the other numbers are expressed in A!

If this doesn’t make sense, don’t fret—you’ll be able to see a
simpler version of this in the explanation section.

xii)   An   Aside   on   Primeness

So if you were presented with a number and didn’t know whether it
was prime, how would you tell?

Good question. Answer: it’s a bloody pain in the arse. Is it
something you’re likely to see? Probably not.



My advice would be to familiarize yourself with multiplication tables
1-15 solidly—cold.

The next time I ask what 13 times 14 is, you’d better know it’s 182
faster than you read this sentence. If you’re not willing to do that, put
the book down—it won’t do you any good.

If you know your tables, then what is and isn’t prime will be immediately
evident.

Now—let’s just say you’re a bit lazy and don’t want to learn your
multiplication tables but still want to know whether a number is
prime.

There are two more options, but we’ll go for the simpler one first:
memorize the primes from 1-100.

It’s these:

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 87, 97

Now, quite frankly, I think that’s a waste of mental storage space. It
probably goes somewhere next to that ugly frickin rug that your
parents convinced you to keep in your closet because it belonged to
your Great Aunt. There’s probably a reason they don’t want it in their
own house. Just saying.

So what’s the hard way? I know you’re salivating right now.

OK—so this is the Math Major way to do it, even if it’s pointlessly
simple. In reality, all we’re doing is dividing by larger and larger numbers
and trying to see whether one divides in evenly.

Of course there’s no point in dividing by 4 because that would be the
same as dividing by 2, then by 2 again.

And there’s no point in dividing by 6, because that would be the same
as dividing by 2, then dividing by 3. And no point in dividing by 8,
because that would be 2, then 2, then 2.

See a pattern? Actually, the only thing that you need to test is prime
numbers. All of the composites are actually accounted for even when
you only consider primes! I mean you can if you want to, but it would
be a colossal waste of time.

So back to the example… and don’t bother writing down 2, 3, and 5



because they’re really easy to test! More on that later…

If we were to take, for example, 253:

Now we’ve determined how to figure out how a number is   not 
 prime . How on Earth do we figure out whether a number is   actually 
 prime?

Not to spoil the surprise, but I’ll just tell you that 239 is prime. (And
no, the proper way to determine that is NOT by reading the preceding
sentence).

So let’s start where we left off. We know that 231 is 11 times 21, so it
stands to reason that 239/11 = 21r8.



Now let’s just count up factors. If we divide 239 by 13 (next prime) we
get 18r5.

If we divide 239 by 17 (next prime), we get 14r1. Notice that the divisor
is now greater than the quotient…

…and we’re done.

WHAT?

So—look at it this way. Every number, when divided by one number,
has a particular quotient. Let’s call the divisor and quotient a Factor
Pair.

This is a lot easier to see with a perfect square, like 36.



Notice that at the center point—the square root of
the original number—the divisor and quotient are
perfectly equal.

After this point, the factor pairs simply repeat themselves,
but reversed.

So basically what we’re doing is saying that after we’ve
reached the middle point, we can simply stop counting.

Another way to look at the middle point is to look for the
place where the divisor becomes larger than the quotient.



Note: 2, 3, and 5 are very easy to test, so I suggest testing
these in your head and starting to write your calculations
down beginning with 7.

In this case, notice:

See—divisor smaller than quotient.

Then… the divisor is larger than the quotient. BAM. Prime.

And that’s all the number theory you’ll need for
any of these standardized exams.



Conclusion

While this guide isn’t exhaustive of every single Properties
of Numbers question you’ll see on the GMAT, all of the
basic concepts have been covered.

Everything else you’ll see is some variation on one of these
themes, so I recommend using this guide alongside the
Official Guide to the GMAT to see how the concepts
addressed here apply in practice!

Like   This   Guide?

Check out hours more video content at www.youtube.com/gmatcoach

Check out more free guides, information about tutoring packages, and
more at www.yourgmatcoach.com (online) or privategmattutor.london
(London).

Special thanks to Finn Daley-Roberts for the illustrations.
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